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https://pooyanjamshidi.github.io/mls/

Motivation: Why Gradients
Matter

Training = optimization.
Optimization = gradients.

Gradients tell us how to change parameters to reduce
loss.

Equation:

Ory1 =6, — Vo Z(0)



Model Training Overview
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The Three Ways to
Differentiate



The Three Ways to
Differentiate

Method Type Pros Cons
Numerical Approximate Simple Inaccurate, slow

Symbolic Exact Closed form Expression swell



The Three Ways to
Differentiate

Method Type Pros Cons
Numerical Approximate Simple Inaccurate, slow
Symbolic Exact Closed form Expression swell

Automatic Exact Efficient, flexible Requires computational graph



Numerical Differentiation

* We can approximate the gradient using

O () fGx+he) — f(x)
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Numerical Differentiation

* \We can approximate the gradient using
df (x) < lim f(x + he;) — f(x)

dx; h—0 h
f(W,x) = W - X f(W,x) = W - X
0.5 0.5
0.8 03]-| ] 08+ 03] 5>,



Numerical Differentiation

* We can approximate the gradient using

0f(x) . fx+he)—f(x)

=~ 1l

axl— h—0 h

* Reduce the truncation error by using center difference

of (x) < Tim f(x+he;) — f(x—hey)

6x,~ h—0 2h
X Bad: rounding error, and slow to compute

v"A powerful tool to check the correctness of implementation, usually
use h = 1le-6.



Symbolic Differentiation

* Input formulae is a symbolic expression tree (computation graph).

* Implement differentiation rules, e.g., sum rule, product rule, chain rule

d(f+g)_df+dg d(fg) df +fd_g d(h(x)) df(g(x)) dg(x)
dx  dx dx dx  dx? ") dx dx  dx x

X For complicated functions, the resultant expression can be
exponentially large.

X Wasteful to keep around intermediate symbolic expressions if we only
need a numeric value of the gradient in the end

XProne to error



Backpropagation

z=f(xYy)

Operator f



Backpropagation

df 0] 0z Compute gradient becomes
ox 9z dx local computation
X
z=f(xYy)
Operator f 7 >
d]
0z

y d] &[0z

dy ~ 0zdy




Backpropagation simple
example

1

J = 1 + e~ (Wotwix1+wax3)
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example
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Backpropagation simple
example
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Backpropagation simple
example
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Backpropagation simple
example

1.0 ] 1

f = 1 + e—(w0+w1x1+w2x2)

) =1/x > L=—_1/x?
) djof

— T —— T — 2
ox afox ¥



Backpropagation simple
example

1.0 p 1
° 2 0 1 + e~ (WotwiXg+wiX3)

2. 1.0
W; 4.0 o

S O e O (D
Xp 720 -0.53 -0.53 1.0

_ af _
fx)=x+1 = o = 1




Backpropagation simple
example
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Backpropagation simple

example
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Backpropagation simple
example
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X + 0(Yy)
f(X,y) =

0(x) + (X +y)*



Forward Pass

x
Il
w

sigy = 1.0 / (1 + math.exp(-y))
num = X + siqgy

sigx = 1.9 / (1 + math.exp(-x))
Xpy = X + Y

Xpysqr = Xpyx*xx2

den = sigx + Xpysqr

invden = 1.0 / den

f = num *x invden



Backward Pass

dnum = 1invden
dinvden = num

dden = (=1.0 / (denx%2)) * dinvden

dsigx = (1) % dden
dxpysqgr = (1) * dden

dxpy = (2 * xpy) * dxpysqr

dx = (1) % dxpy
dy = (1) * dxpy

dx += ((1 - sigx) * sigx) x dsigx

dx += (1) % dnum
dsigy = (1) * dnum

dy += ((1 - sigy) * sigy) * dsigy



Cache forward pass variables. To compute the backward pass it is very helpful to have some of the variables that
were used in the forward pass. In practice you want to structure your code so that you cache these variables, and
so that they are available during backpropagation. If this is too difficult, it is possible (but wasteful) to recompute
them.

Gradients add up at forks. The forward expression involves the variables x,y multiple times, so when we perform
backpropagation we must be careful to use += instead of = to accumulate the gradient on these variables
(otherwise we would overwrite it). This follows the multivariable chain rule in Calculus, which states that if a
variable branches out to different parts of the circuit, then the gradients that flow back to it will add.



Patterns in backward flow

It is interesting to note that in many cases the backward-flowing gradient can be interpreted on an intuitive level.
For example, the three most commonly used gates in neural networks (addmulmax), all have very simple
interpretations in terms of how they act during backpropagation. Consider this example circuit:

3.00 An example circuit demonstrating the intuition
' behind the operations that backpropagation
-12.00 performs during the backward pass in order to
] 2 00 compute the gradients on the inputs. Sum
operation distributes gradients equally to all its
6.00 : : :
-10.00 2000 lr?puts. Max operatlc?n routes the gradient t(_) the
= . - higher input. Multiply gate takes the input
2.00 1.00 N - ,
activations, swaps them and multiplies by its
gradient.

z 2.00

©2.00
2.00

0.00




Any problem? Can we
do better?



Problems of
backpropagation

You always need to keep intermediate data in the memory

during the forward pass in case it will be used in the
backpropagation.

Lack of flexibility, e.g., compute the gradient of gradient.



Automatic Differentiation
(autodiff)

e Create computation graph for gradient computation



Automatic Differentiation
(autodiff)

* Create computation graph for gradient computation
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Automatic Differentiation
(autodiff)

* Create computation graph for gradient computation
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Automatic Differentiation
(autodiff)

* Create computation graph for gradient computation

1
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Automatic Differentiation
(autodiff)

* Create computation graph for gradient computation
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Automatic Differentiation
(autodiff)

* Create computation graph for gradient computation

1
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Automatic Differentiation
(autodiff)

* Create computation graph for gradient computation
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AutoDiff Algorithm
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AutoDiff Algorithm

—» def gradient(out):
node to grad[out] =1
nodes = get node list(out)
for node in reverse_ topo_order(nodes):
grad € sum partial adjoints from output edges

input grads €< node.op.gradient(input, grad) for
input in node.inputs

add input grads to node to grad
return node_to_grad
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AutoDiff Algorithm

def gradient(out):
node to grad[out] = 1
nodes = get node list(out)
for node in reverse_topo_order(nodes):
grad € sum partial adjoints from output edges

input_grads € node.op.gradient(input, grad) for
input in node.inputs

add input_grads to node to grad
return node to grad

node to grad:
Xg: Xa




AutoDiff Algorithm

def gradient(out):
node_to _grad[out] = 1
nodes = get node list(out)
—> for node in reverse topo order(nodes):
grad € sum partial adjoints from output edges

input _grads € node.op.gradient(input, grad) for
input in node.inputs

add input_grads to node_to_grad
return node_to_grad

node_to_grad: Xo | X3 | X2 | X4

X4 x_4 ﬂ




AutoDiff Algorithm

def gradient(out):
node_to _grad[out] = 1
nodes = get_node_list(out)
for node in reverse topo order(nodes):
grad < sum partial adjoints from output edges

—> input_grads € node.op.gradient(input, grad) for
input in node.inputs

add input grads to node to grad
return node_to_grad

node_to_grad: ‘x4 |x3 ‘xz ‘x,‘

X4t Xg ll?




AutoDiff Algorithm

def gradient(out):
node to grad[out] =1
nodes = get node list(out)
for node in reverse_topo_order(nodes):
grad € sum partial adjoints from output edges

input _grads €< node.op.gradient(input, grad) for
input in node.inputs

—> add input_grads to node_to_grad
return node_to _grad

node_to_grad: Xg | X3 | X3 | Xq
Xq: X4

X3! X3 TT

Xy: Xy




AutoDiff Algorithm

def gradient(out):
node_to _grad[out] =1
nodes = get node list(out)
for node in reverse_topo_order(nodes):
> grad € sum partial adjoints from output edges

input_grads € node.op.gradient(input, grad) for
input in node.inputs

add input grads to node to grad
return node_to_grad

node_to_grad: Xs | X3 | X9




AutoDiff Algorithm

def gradient(out):
node_to _grad[out] = 1
nodes = get node list(out)
for node in reverse topo order(nodes):
grad € sum partial adjoints from output edges
input_grads € node.op.gradient(input, grad) for
input in node.inputs
add input grads to node to grad

return node_to_grad
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node to grad: | x4‘ X3‘ le xl‘
X4: Xg TT
X3t X3
X2 Xz




AutoDiff Algorithm

def gradient(out):
node to grad[out] =1
nodes = get node list(out)
for node in reverse topo_order(nodes):
grad € sum partial adjoints from output edges
input_grads € node.op.gradient(input, grad) for
input in node.inputs
—> add input_grads to node to_grad
return node to grad

node to grad: ‘ x4‘ x3‘ X7 xl‘
Xa- E ﬁ |
x:;: ﬁ
1 2
Xot X2, Xp




AutoDiff Algorithm

def gradient(out):
node_to_grad[out] = 1
nodes = get _node list(out)
for node in reverse topo order(nodes):
— grad €< sum partial adjoints from output edges

input_grads € node.op.gradient(input, grad) for
input in node.inputs

add input_grads to node_to_grad
return node_to_grad

node_to_grad: X4 | X3 | X0 | X4
X4t Xg TT
X3: X3
Xp: X3, X




AutoDiff Algorithm

def gradient(out): % 1
node to grad[out] =1

nodes = get node list(out) | x1] X,
bx

for node in reverse topo order(nodes): D [_Iq X
grad € sum partial adjoints from output edges
— input grads < node.op.gradient(input, grad) for
input in node.inputs
add input_grads to node_to_grad
return node_to_grad

node_to_grad: Xg | X3 | X | X1 . _
X4

Xa+ Xa ﬁ

X3t X3
. 1 2
Xo: Xo 4 X9




AutoDiff Algorithm

def gradient(out):
node_to _grad[out] = 1
nodes = get _node list(out)
for node in reverse topo order(nodes):
grad < sum partial adjoints from output edges

input_grads € node.op.gradient(input, grad) for
input in node.inputs

—> add input grads to node to grad
return node_to_grad

node_to grad: Xy | Xz | X0 | X9

Xg': Xg TT
X3: X3

. 1 2
xz . XZ ) x2
Xq: .x_l
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def gradient(out):
node to grad[out] =

1

nodes = get node list(out)
for node in reverse topo order(nodes):

grad € sum partial adjoints from output edges

input _grads < node.op.gradient(input, grad) for
input in node.inputs

add input_grads to node_to_grad

return node_to_grad

node_to_grad:
X4t Xa
X3t X3
Xpt X3, Xp
X1t Xq

X4

X3

AutoDiff Algorithm




Backpropagation vs
AutoDift

Backpropagation AutoDiff




ll =T
lny1 = 4ln(1 - ln)

2 - Manual
f(z) = la = 64z(1 —z)(1 — 2)*(1 — 8z + 8z?) Differentiation
Coding
\ 4
f(x):
v=x
fori=1to 3
v =4%xyx(1 - v)
return v
or, in closed-form, .Symbqlic.
Differentiation

f(x):
return 64%x* (1-x)*((1-2*x)~2)

*(1-8*x+8*x*x) "2

Automatic
Differentiation

h 4

Numerical
Differentiation

f2(x):
(v,dv) = (x,1)
fori=1to3
(v,dv) = (4xvx(1-v), 4*dv-8*v*dv)
return (v,dv)

£’ (x0) = f'(z0)
Exact

of the Closed-form

f(z) = 128z(1 — z)(—8 + 16z)(1 — 2z)%(1 —
8z + 8z%) +64(1 — z)(1 — 2z)*(1 — 8z + 8z%)* —

64z(1 —22)%(1 — 8z + 8z2)2 — 256z (1 — ) (1 —
2z)(1 — 8z + 8z2)2

£2(x):
return 128*x*(1 - x)* (-8 + 16*x)

*((1 = 2%x) "2)* (1 - 8%x + 8*x*x)
+64%(1 - x)*((1 -2*+x)"2)*((1
— B*x + Bx*x)"2) - (64#x*(1 -
2%x) "2)*(1 - 8%x + 8%x*x) "2 -
256%x* (1 - x)*(1 - 2%x)*(1 - 8*x
+ Bxx*x) "2

£’ (x0) f’(-‘l-'n)

Exact

£2(x):
h = 0.000001
return (f(x+h) -f(x)) /h

$? (Xo) ~ f’(;'l'(,)

Approximate




Recap

 Numerical differentiation
e Tool to check the correctness of implementation
e Backpropagation
e Easy to understand and implement
e Bad for memory use and schedule optimization
e Automatic differentiation
e Generate gradient computation to entire computation graph

e Better for system optimization



References

 Automatic differentiation in machine learning: a survey
https://arxiv.org/abs/1502.05767

e CS231n backpropagation: http://cs231n.github.io/
optimization-2/
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